The Bernstein-Doetsch theorem on midconvex functions is extended to approximately midconvex functions and to approximately Wright convex functions.
e-convex if f(tx + (1 -t)y) < tf{x) + (1 -t)f{y) + e for all x,y &D and f£[0, 1] (cf. [2] ); e-Wright-convex if f{tx + (1 -t)y) + /((1 -t)x + ty) < f(x) + f{y) + 2e for all x,y €D and t e[0, 1]; e-midconvex if f{^)< \{f{x) + f{y)) + e for all x,y eD. Notice that e-convexity implies e-Wright-convexity, which in turn implies e-midconvexity, but not the converse. The usual notions of convexity, Wrightconvexity, and midconvexity correspond to the case e = 0. A comprehensive review on this subject can be found in [1, 6, [8] [9] [10] . The Bernstein-Doetsch theorem relates local boundedness, midconvexity, and convexity (cf. [6, 10] ). In order to extend this result to approximately midconvex functions, we first specify the assumptions on the topology 3~ to be imposed on X: the map (t, x, y) -+ tx + y from lxlxl-»l is continuous in each of its three variables. Here the scalar field R is under the usual topology. In former literature the topology S~ is called semilinear (cf. [4, 5, 7] ). These assumptions are weaker than those for X to be a topological vector space. The finest JonI is formed by taking all subsets A c X with the property that if xo € A , x e X, then there exists a 3 > 0 such that tx + (1 -t)xo e A for all t e ] -S, S[. In earlier literature such sets A are called algebraically open [11] (cf. also [3-5, (1) f(k2-"x + (1 -k2-")y) < k2~nf{x) + (1 -kl~n)f{y) + (2 -2~n+x)e for all x,yeD, «eN = {l,2,...}, and k&{0, 1,..., 2"}.
Proof. We proceed by induction. For n = 1, the inequality is clear. Assume that (1) holds for some n e N. Let x, y e D and k e {0, 1, ... , 2"+1} be arbitrarily given. By appropriately labelling x and y we may assume that k < 2" . Then we get /(*2-»* + (i -*2-V) = / ((*2-* + (i-*2-")J0 + r) <5/(fc2-"* + (l-fc2-")y) + i/(y) + e
as required. This proves the lemma. where <5i = 5/2 + e. By symmetry in x and y, the above extends to all t e [0, 1], yielding the fact that / is ^i-convex. Iterating this scheme, we get that / is £"-convex for n = 2, 3, ... , where dn = \8n-\ +e.
Since Sn -> 2e as n -» oo, we obtain the conclusion that / is 2e-convex. It is e-convex with lowest e = 1. In Theorem 1 boundedness from above cannot be replaced by boundedness from below. For example, f(x) = \a(x)\, where a:R -► R is a discontinuous additive map, is midconvex on R, and is locally bounded from below. Yet / is not convex.
